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Abstract

Using group representation theory, it is possible to block-diagonalise the equilibrium matrix ofa symmetric
structure. This analysis can identify the symmetry properties of any states of self-stress or mechanisms
present in the structure. This paper will show that in some cases, this linear analysis, combined with symmetry
arguments, can show that particular mechanisms of a symmetric structure must be finite. (0 1999 Elsevier
Science Ltd. All rights reserved.

1. Introduction

This paper will show how an analysis based on symmetry can provide considerable insight into
the nature of symmetric structures which are both statically and kinematically indeterminate. In
particular, it will show that in some cases a symmetry analysis can identify when such a structure
admits a finite mechanism.

Previously, a number of authors have applied group representation theory to the analysis of
symmetric structures, essentially to show how the efficiency of a computational analysis could be
improved by block-diagonalising a stiffness matrix. In a forthcoming paper (Kangwai and Guest,
1999), we apply group representation theory to block-diagonalise the equilibrium matrix of a
symmetric structure, and show that this provides useful insight into the structural response of such
structures. In particular, it provides a useful classification ofany states of self-stress or inextensional
mechanisms present.

Using the same techniques as Kangwai and Guest (1999), this paper takes an additional step
to investigate statically and kinematically indeterminate symmetric structures that admit finite
mechanisms. An analysis is carried out on a ring structure originally investigated by Tarnai (1980)
.vhich belongs to a class of structures that satisfy Maxwell's rule, but is both statically and
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kinematically indeterminate. Using symmetry arguments, the linear analysis represented by the
equilibrium matrix will show that this ring structure contains a finite mechanism. This paper will
also consider in general when such an analysis is valid.

The layout of this paper is as follows. The rest of this section gives some background on
equilibrium and compatibility matrices, and also statically and kinematically indeterminate struc
tures. Section 2 analyses a hexagonal ring with rotational and reflection symmetry properties, to
show that it admits a finite mechanism. Section 3 analyses the same hexagonal ring at another
configuration where there exists a kinematic bifurcation with four possible kinematic paths, of
which only one can be identified using symmetry arguments. Finally, Section 4 concludes by
discussing in general when a symmetry analysis can identify finite mechanisms.

1.1. Equilibrium, compatibility andffexibility matrices

Structural analysis requires three principles to be satisfied; that internal forces are in equilibrium
with the applied load, that any internal deformation is compatible with external displacements,
and that internal forces and displacements are related by a material law.

For small perturbations around the initial configuration of a structure, these relationships can
be linearised as three matrix relationships. The system ofstatic equilibrium equations for a structure
is given by:

Hf= P (I)

where H is the equilibrium matrix, f is the internal force vector and p is the external load vector.
The system of kinematic compatibility equations is given by:

Cd = e (2)

where C is the compatibility matrix, d is the external displacement vector and e is the internal
deformation vector. The stress-strain relationship is given by:

Rf= e (3)

where R is the flexibility matrix.
It can easily be shown by a virtual work argument that C = H T (McGuire and Gallagher, 1979),

and so the statics and kinematics of a structure are intimately bound together.

1.2. Statically and kinematically indeterminate structures

A statically determinate structure is a structure where the internal forces in equilibrium with any
applied load can be uniquely determined, and this implies that it does not admit a state of self
stress. Similarly, a kinematically determinate structure is a structure where a linear analysis will
find a unique configuration for any internal deformations, and this implies that there is no
mechanism. Maxwell's rule is a well known formula which provides a necessary condition for both
static and kinematic determinacy to occur together. For a 3-dimensional pin-jointed structure
rigidly connected to a foundation, Maxwell's rule states:

h = 3j (4)
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where b is the total number of bars andj is the number of non-foundation joints. In this case, the
equilibrium matrix of a structure is square.

However, Maxwell (1864) anticipated exceptions to his rule and these special cases have been
investigated by a number of authors. These special cases include structures which satisfy Maxwell's
rule but are both statically and kinematically indeterminate and hence contain states of self-stress,
and either infinitesimal or finite mechanisms (Mohr, 1885; Foppl, 1912; Tarnai, 1980). A finite
mechanism will allow the joints to move freely for a finite distance without any change in bar
lengths, while an infinitesimal mechanism will cause second-order or higher changes in bar-lengths
when the joints move.

Tarnai (1980) pointed out that the topological condition expressed by Maxwell's rule is not
sufficient to determine whether a structure is stiff or not. The stiffness can only be determined by
the geometry of the structure. A more complete analysis of the equilibrium and compatibility
matrices is required to provide the following expressions:

s = b-r

111 = 3J-r (5)

where I' is the rank of either the equilibrium matrix or its transpose, the compatibility matrix, sis
the degree of static indeterminacy and 111 is the degree of kinematic indeterminacy.

Structures that have too few constraints to satisfy Maxwell's rule will usually have kinematic
mobility, as the analysis will not admit a unique solution, and hence finite mechanisms will exist.
However, a number of authors have previously studied the particular case where these structures
do have first-order stiffness (Kotter, 1912; Fuller, 1975; Calladine, 1978; Pellegrino and Calladine,
1986; 1991; Kuznetsov, 1988; 1991). This class of structure is now commonly referred to as
tensegrity structures. In these structures the equilibrium and compatibility matrices must be rank
deficient. The interaction between the resultant state of self-stress and any mechanisms is then
crucial to understanding the behaviour of the structure--it can be considered that a state of self
stress stiffens any mechanisms of the structure. Care must be taken, however, as in some apparently
similar structures, the state ofself-stress is unstable, and can provide no stiffening effect (Kuznetsov,
1988; 1991; Pellegrino and Calladine, 1991).

This paper examines a very different type of structure that satisfies Maxwell's rule, and yet
allows finite mechanisms. There are, of course, trivial examples of this where physically distinct
parts of the structure may admit a state of self-stress, or a mechanism; an example is shown in Fig. 1.
Mobilising the mechanism in the lower half of this structure will have no effect on the state of
self-stress in the upper half; the structure will remain both statically and kinematically inde
terminate-the mechanism is obviously finite.

This paper will concentrate not on the trivial case represented by Fig. I, but on a related type
of structure where states of self-stress and mechanisms are symmetrically distinct. The existence of
a finite mechanism in these structures is then certainly not obvious. Baker, in an appendix to
Tarnai (1989), has explored the possibility of symmetry explaining the apparent reduction in the
number of constraints in symmetric ring structures. We will show that using symmetry arguments
to block-diagonalise the equilibrium matrix of a structure can show when states of self-stress and
mechanism are symmetrically distinct, hence explaining the existence of finite mechanisms in these
~tructures.
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Fig. I. Simple structure that satisfies Maxwell's rule but has a physically distinct finite mechanism and state of self
stress. The two diagonal bars are not connected and are free to move adjacent to one another.

2. Hexagonal ring with rotation and reflection symmetry

In Section 1.2., we mentioned the existence of special cases which form exceptions to Maxwell's
rule. In this section we will analyse one of these special cases, a structure which satisfies Maxwell's
rule but in fact has a finite mechanism.

Tarnai (1980) investigated the structural rigidity of a class of pin-jointed reticulated cylinder
structures. These reticulated cylinders consist of congruent rings with n-fold rotational symmetry,
and are connected to a rigid foundation; two examples are shown in Fig. 2. Tarnai showed that
while keeping the same topological properties, the state of static and kinematic determinacy of
these reticulated cylinders is dependent on the geometry of the structure. The cylinder shown in
Fig. 2(a) satisfies Maxwell's rule and is indeed both statically and kinematically determinate.

However, for a cylinder with the same topological properties but which also has n planes of
reflection symmetry, the static and kinematic determinacy of the cylinder is dependent on n; an
example for n = 6 is shown in Fig. 2(b). If n is odd, the cylinder is statically and kinematically
determinate. If n is even, the cylinder is statically and kinematically indeterminate and the degree
of indeterminacy is always one, irrespective of the number of rings in the cylinder. Tarnai showed
that the single state ofself-stress always occurs in the lowest ring, while the inextensional mechanism
always occurs in the uppermost ring, and is indeed a finite mechanism. The distinct difference in
behaviour between these structures when n is even or odd is very clear for even a simple card
model.

In this section, the analysis is limited to a single hexagonal ring with 6-fold rotational symmetry
and 6 planes of reflection symmetry, shown in Fig. 3. The hexagonal ring consists of b = 18 bar
elements andj = 6 pin-joints. Maxwell's rule for a pin-jointed structure connected to a foundation,
gives 3j - b = 0 and hence the hexagonal ring would appear to be both statically and kinematically
determinate. However, standard structural analysis shows that the (18 x 18) equilibrium matrix H
has rank 17, that is the hexagonal ring contains s = 1 state of self-stress and m = 1 inextensional
mechanism.

This section describes how the application of group representation theory to the symmetry
properties of the hexagonal ring can be used to find symmetry-adapted coordinate systems for the
load and bar-force vector spaces. These symmetry-adapted coordinate systems are made up of
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Fig. 2. Reticulated cylinders with Co, symmetry.
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Fig. 3. Hexagonal ring with C,,, symmetry.
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vector symmetry subspaces, each of which have particular symmetry properties of the hexagonal
ring. We then show how these symmetry-adapted coordinate systems are used to block-diagonalise
the equilibrium matrix H of the hexagonal ring, into symmetry-adapted equilibrium submatrix
blocks H(/1)i, which considerably simplifies the analysis of the structure and gives valuable insight
into the nature of the finite mechanism.

We will only present the symmetry-adapted coordinate systems for the hexagonal ring and not
explain how they may be found. For a more comprehensive description of group representation
theory applied to symmetric structures, see the papers, Kangwai et al. (1999) and Kangwai and
Guest (1999).

2.1. Symmetry-adapted coordinate systems

The hexagonal ring is a structure that, when acted on by particular symmetry operations, is left
in a geometrically and mechanically unaltered configuration, i.e., an equivalent configuration. The
hexagonal ring is transformed into an equivalent configuration by the following set of symmetry
operations:

(I) The identity, symmetry operation E.
(2) Rotation by 60° about the origin 0, symmetry operation C6 .

(3) Rotation by 120° about the origin 0, symmetry operation C~.

(4) Rotation by 180° about the origin 0, symmetry operation C~.

(5) Rotation by 240 1 about the origin 0, symmetry operation C:.
(6) Rotation by 300' about the origin 0, symmetry operation C~.

(7) Reflection in the vertical plane a, symmetry operation (Ja-

(8) Reflection in the vertical plane b, symmetry operation (Jh'

(9) Reflection in the vertical plane c, symmetry operation (Je'

(to) Reflection in the vertical plane d, symmetry operation (Jd'

(II) Reflection in the vertical plane e, symmetry operation (Jl"

(12) Reflection in the vertical plane f; symmetry operation (Jr-

These twelve operations {E, C6, C;" cL C:, C~, (Ja> (Jh, (J" (J,h (Je> (Jt} constitute a symmetry group
C6,,o

There are a limited number of symmetry groups, and associated with each symmetry group are
a set of irreducible matrix representations. The six irreducible representations ['(A I) to ['(£2) of a
symmetry group C61 are shown in Table 1. Each of these irreducible representations represents a
fundamental aspect of the symmetry of the structure. We show in Kangwai and Guest (1999) how
we could make use of the irreducible representations fo find symmetry-adapted coordinate systems
for both the internal vector space Wp (e.g., a space suitable for expressing bar-forces and extensions)
and the external vector space Wr (e.g., a space suitable for expressing loads and displacements).

The symmetry-adapted coordinate systems split the vector spaces into a number of symmetry
subspaces W~)i and W}/1)i, each corresponding to a row i of the irreducible representation fl, and
each having different symmetry properties. For symmetry group C6v there are eight symmetry
subspaces for the internal and external vector spaces, and their symmetry properties are given
below.
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Table I
Irreducible representations of symmetry group C6,
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(1) W~AI) and W~AI): the full symmetry group C6v"
(2) W~A2) and W}A 2 ): 6-fold rotational symmetry, symmetry group C6•

(3) W~BI) and W~Bl): 3-fold rotational symmetry and reflection symmetry in planes a, c and e,
symmetry group C3v '

(4) W~B2) and W}B 2 ): 3-fold rotational symmetry and reflection symmetry in planes b, d and f,
symmetry group C31 •

(5) W~EI) I and W~E,)1 : reflection symmetry in plane a, symmetry group C\.
(6) W~E,)2 and W}E I )2: reflection symmetry in plane d, symmetry group C,.
(7) W~E2)1 and WiE2 )]: 2-fold rotational symmetry and reflection symmetry in planes a and d,

symmetry group C lI .

(8) W~E2)2 and W}E2 )2: 2-fold rotational symmetry, symmetry group C2 .

These symmetry properties are defined by the symmetry group and are independent of the topology
of the structure in question. However, we show in Kangwai and Guest (1999) how it is possible to
find basis vectors for each of the symmetry subspaces W~)i. These basic vectors can then be written
as columns of a matrix V~)i. Group representation theory shows that together, these basis vectors
span the whole space Wp' Hence it is possible to write an orthogonal matrix Vp which transforms
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load vectors between the original and the symmetry-adapted coordinate system. For symmetry
group C61 this matrix is:

Vp = (V~AI lIV~A2) IV~B,) IV~B2lIV~E\)] IV~E\ )2IV~E2l11V~E2)2 ) (6)

Similarly, the orthogonal matrix Vr which transforms bar-force vectors between the original and
the symmetry-adapted coordinate system:

Vr = (VtA\)IVtA2)IVtB\lIVtB2lIV}E\l]IVtEI)2IVtE2l]IVtE2)2) (7)

Figures 4 and 5 show a set of basis vectors for the first four internal and external symmetry
subspaces of our example structure. The basis vectors for the remaining symmetry subspaces have
not been shown in the interests of brevity, and also because they do not participate in the later
discussion of the properties of the structure.

2.2. Block-diagonalisation of the equilibrium matrix with C6 ,. symmetry

External loads applied to a structure, which have a particular type of symmetry, will be in
equilibrium with internal forces which also have the same symmetry. Therefore, using symmetry
adapted coordinate systems will block-diagonalise the equilibrium matrix.

Consider starting with the system of equilibrium relationships between the internal bar-forces f
and the external loads p, written in some general coordinate system:

Hf= P (8)

By writing the load and bar-force vectors in their symmetry-adapted coordinate systems (a '" is
used for the symmetry-adapted systems):

f = Vif

P= V~p

and substituting Eqns 9 and 10 into the equilibrium equation Hf = P gives:

HVrf = VpP

Hence, the symmetry-adapted equilibrium relationship is now:

Hf = P

(9)

(10)

(11 )

(12)

where H is the block-diagonalised equilibrium matrix:

- TH = V pHVp (13)

For the hexagonal ring shown in Fig. 3, the block-diagonalised equilibrium matrix fI has the form
shown in Eqn 14 below. Each of the equilibrium blocks have full rank.

Each of the equilibrium blocks H(It)i, operates on symmetry-adapted load and bar-force vectors
p(jili and fltH in the corresponding symmetry subspaces V~)i and V}ltli. Hence, the original equi-
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(a) 2-dimensional symmetry subspace 'W~AI)

(b) I-dimensional symmetry subspace 'W~A2)

(c) 2-dimensional symmetry subspace 'W~B,)

(d) I-dimensional symmetry subspace 'W~B2)

Fig. 4. External symmetry subspaces 'W~AI), 'W~42), 'W~BI) and 'W~B,). Each arrow is of magnitude 1;,)6, to give resultant
basis vectors of unit length.
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(a) 2-dimensional symmetry subspace 'ViA, I

-(3

(3
(b) I-dimensional symmetry subspace 'ViA, I

-(3 .-¥/.:--::::-'......

-(3 -(3
/.

(3 -(3

(3

-(3 -(3

(c) I-dimensional symmetry subspace 'ViB,)

-(3

(3

(d) 2-dimensional symmetry subspace 'V~B,)

Fig. 5. Internal symmetry subspaces 'ViA, I, 'ViA 2), ~, I and 'Vi8
,1. CJ: and fJ refer to the magnitude of the force or extension

in the corresponding bar. CJ: = 1/J6 and fJ = 1/J 12 give resultant basis vectors of unit length.
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H=

I ii(A , ) (2 x 2)

BY') (1 X 1)
"-I--

ii(B,) (2 xl)

ii(B2 ) (1 x2)

ii(E1 )1

(3 x 3)

ii(E1 )2

(3x3)

ii(E2 )1

(3 x3)

ii(E,)2

(3 x 3)

(14)

librium equation Hf = p, has been decomposed into eight independent symmetry-adapted equi
librium subequations:

(15)

where each HUl)1 gives the relationship between load and bar-force vectors that have particular
symmetry properties, as described in Section 2.1.

Of particular interest are the first four equilibrium blocks along the diagonal, which we shall
examine in more detail. Using the load and bar-force symmetry-adapted coordinate systems shown
in Figs 4 and 5 respectively, these equilibrium blocks are:

-1.2100J
0.1895

HlA
,) = [-0.7071]

- B [-1.2100JH( ,) =
0.1895

HlB
2) = [-1.7321 -0.7071] (16)
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Thus, for example, -0.7071 times the internal bar-forces shown in Fig. 5(b), are in equilibrium
with the external loads shown in Fig. 4(b).

In general, an equilibrium matrix H is a (p x q) matrix of rank r, and from the equilibrium
matrix H it is possible to find the states of self-stress and the inextensional mechanisms of a
structure (Pellegrino and Calladine, 1986). We can see that the block-diagonalised equilibrium
matrix H also contains (p(l')i x q(I')) submatrix blocks of rank r(l')i, and hence the analysis for states
ofself-stress and the inextensional mechanisms can be carried over to these independent equilibrium
submatrix blocks HUdi.

The block-diagonalised equilibrium matrix H consists of eight independent equilibrium sub
matrix blocks of which H(A,), H(A 2 ), H(E, )1, H(E,)2, H(E:2)1 and H(E 2 )2, are all square matrices of full
rank, and hence do not contain any states of self-stress or inextensional mechanisms. The remaining
two submatrix blocks, A(B,) and A(B:), are analysed below.

2.2.1. Mechanism in the third equilibrium submatrix block

-) [-1.2100JH(B , =
0.1895

The (2 x I) equilibrium submatrix H(B,), corresponding to the irreducible matrix representation
pB] ), is of rank I and hence will have a load vector in the corresponding load vector symmetry
subspace W~B]), which cannot be equilibrated. The inextensional mechanism induced by this load
vector, is a displacement vector a~] ), which is compatible with zero bar elongations, and as the
compatibility matrix is the transpose of the equilibrium matrix, this can be written:

Thus, the mechanism is given by the nullspace of A(B])T:

~(B [-0.1547Jd ,) =
m -0.9880

(17)

(18)

Because the inextensional mechanism is from the third symmetry subspace W~BI), it has C31.

symmetry properties, i.e., 3-fold rotational symmetry and reflection symmetry in planes a, c and
e. The inextensional mechanism is shown in Fig. 6.

2.2.2. State (~fserf-stress in the fourth equilibrium submatrix block
A(B2 ) = [-1.7321 -0.7071]

The (I x 2) equilibrium submatrix A(2 ), corresponding to the irreducible matrix representation
r(B 2

) is rank I, and hence will have a state of self-stress present in the corresponding bar-force
vector symmetry subspace W}B2

). The state of self-stress is a bar-force vector f.B 2 1, in equilibrium
with zero load vectors:

(19)

and is given by the nullspace ofH(B2 ):
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c I
I

c I
I

Fig. 6. Inextensional mechanism in symmetry subspace V~B),

-fJ

-fJ

fJ

-fJ
Fig. 7. State of self-stress in symmetry subspace ViB

,), (5 = l/y14 and f; = ];)42

fB 2 ) = [-0.3780J
s 0.9258

(20)

Because the state of self-stress is from the fourth symmetry subspace W}B 2 ), it also has C3r' symmetry
Droperties, i.e., 3-fold rotational symmetry, but now reflection symmetry is in planes b, d and e.
fhe state of self-stress is shown in Fig. 7.

2.3. Block diagonalisation of the equilibrium matrix with C3v symmetry

The aim of our investigation is to determine whether the inextensional mechanism discovered
in Section 2.2.1. is finite or infinitesimal. However, it is clear that the analysis we have carried out
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will lose validity as soon as the mechanism is mobilised. The structure will lose its C6r symmetry
and instead will have only C3,. symmetry. Thus, to make further progress, it is necessary to reanalyse
the structure using symmetry group C 31"

The following six symmetry operations constitute the symmetry group C3,,:

(I) The identity, symmetry operation E.
(2) Rotation by 1200 about the origin 0, symmetry operation C3•

(3) Rotation by 2400 about the origin 0, symmetry operation C~.

(4) Reflection in the vertical plane a, symmetry operation (Ja-

(5) Reflection in the vertical plane c, symmetry operation (Je-

(6) Reflection in the vertical plane e, symmetry operation (Je-

For the hexagonal ring in its original configuration, both the load vector space Wp and the bar
force vector space Wf are now decomposed into four symmetry subspaces, defined by the irreducible
representations of symmetry group C 3v , shown in Table 2. The symmetry properties of the load
and bar-force vector symmetry subspaces are given below.

(1) W~41) and W}A I): the full symmetry of symmetry group Ck

(2) W~A,) and W}A 2 ): 3-fold rotational symmetry, symmetry group C3.

(3) W~EI) and W}E ,): reflection symmetry in plane a, symmetry group C,.
(4) W~E2) and WV',): reflection anti-symmetry in plane a, no symmetry.

Although it may now appear to be necessary to completely reanalyse the structure using
symmetry group C3,., it is in fact possible to find the symmetry subspaces using a concept called
subduction, or the descent o.lsymmetry. Table 3 shows one way in which C6v symmetry subspaces
can combine to form the C3, symmetry subspaces. This descent of symmetry is valid for any
structure with C6, symmetry, irrespective of its topology. Similar tables can be found for all
symmetry groups, and a comprehensive study of symmetry groups and the relationships between
the different groups is given by Altmann and Herzig (1994). Now it is only necessary to combine
the C61. symmetry subspaces according to the descent of symmetry shown in Table 3 in order to
find the C3r symmetry subspaces. For example, the vector basis V~AI) is now given by the basis
vectors in Figs 4(a) and (c). Using the load and bar-force vector symmetry-adapted coordinate
systems with C3r symmetry properties, the block-diagonalised equilibrium matrix H now has the
form shown in Eqn. 14.

Table 2
Irreducible representations of symmetry group C"

Ck E C j C' (JuJ

-------

riA,) 1
riA,) -I
riEl

[~ ~l
[-II? -~/2l [ -1/2 ~/2l [~ ~J~~; -1/2 -~/2 -1/2

-----,

(Je (Je

I 1
-I -I

[;~ ~/2l [ -1/2 -~/2J
1/2 -fi12 1/2
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Table 3
Descent of symmetry from symmetry group C6v to Cll.

ClL' C611

{V(A,)} = {V(A,), VCB,)}

{veA,)} = {V(A,>, V(B,)}
{VeE)!} = {veE,)!, VeE,)!}
{V(E)2} = {V(E,)2, V(E,12}

H=

c-,--- -

fICA,) (4 x3)

fICA,) (2x 3)

fICE)!

(6 x6)

fICE)2

(6 x 6)

'- '-

12 (21 )

Each of the equilibrium blocks is of full rank. Obviously, the inextensional mechanism and state
of self-stress will be identical to those found in the previous analysis, but the mechanism now
occurs in the first equilibrium block H(All, with C3v symmetry, while the state of self-stress occurs
in the second equilibrium block H(A 2 ), with 'lesser' C3 symmetry.

It is the existence of a mechanism, but no state of self-stress, in the first equilibrium block which
allows us to show that the mechanism must be finite. In Section 1.2., we noted that an equilibrium
matrix with more rows than columns, i.e., a structure with too few constraints, would have a finite
mechanism as long as the equilibrium matrix was not rank-deficient. This analysis carries over to
the independent equilibrium blocks H(Il);, as long as the block-form of the equilibrium matrix is
not changed when the mechanism is mobilised. This will be the case if the mechanism is in the first
equilibrium block: the block-form depends only on the topology and symmetry of the structure,
neither of which is changed by mobilising the mechanism. The finite mechanism is symmetrically
distinct from the state of self-stress.
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a

I
C I

Fig. 8. Hexagonal ring at the bifurcation point, with C3, symmetry.

Consider a linear displacement of the structure by some finite distance in the direction of the
inextensional mechanism. The structure will retain its C31' symmetry, but because the mechanism
will in reality follow a non-linear path, the linear step taken may result in small changes in the
length of some bars. However, these extensions must also have C3v symmetry, and hence can only
be corrected by displacements in the V~A I) subspace. It is impossible for these extensions to have
'lesser' symmetry, e.g., only C3 symmetry, and hence the state of self-stress, which does have only
C3 symmetry and is therefore situated in symmetry subspace V}A 2 ), will be unaffected and cannot
stiffen the mechanism. Eventually it will be possible to converge on a new configuration along the
path of the finite mechanism with the structure retaining its C3,. symmetry.

3. Bifurcation point of the hexagonal ring

In the previous section, we showed that the hexagonal ring's single degree of kinematic inde
terminacy represents a finite mechanism with C31' symmetry. If the mobilisation of a finite mech
anism leads to configuration where the degree of kinematic indeterminacy increases, the structure
is said to have reached a point of kinematic bifurcation. At such points there exists a multi
dimensional vector space of inextensional mechanisms and there is now a possibility of having a
number of distinct kinematic paths that admit finite mechanisms.

If we follow the kinematic path of the finite mechanism in Fig. 6, the hexagonal ring reaches a
configuration shown in Fig. 8, which is a point of kinematic bifurcation (Tarnai, 1989). Kumar
(1996) analysed the hexagonal ring at the point of kinematic bifurcation using singular value
decomposition (SVD) techniques to identify the In inextensional mechanisms and the s states of
self-stress. The analysis showed that the equilibrium matrix H now has rank 15, and hence there
now exists s = 3 states of self-stress and In = 3 inextensional mechanisms. Kumar also showed
that in this three-dimensional vector space of inextensional mechanisms there exists four distinct
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Fig. 9. Finite mechanisms at the bifurcation point.

kinematic paths that admit finite mechanisms, these are shown in Fig. 9. Figure 9(a) shows the
)riginal finite mechanism with C3v symmetry, Fig. 9(b), (c) and (d) show three finite mechanisms
which only have reflection symmetry in one of the planes a, cor e.

In this section we will carry out a symmetry analysis to see if we can identify these four
linite mechanisms with the hexagonal ring at the point of kinematic bifurcation. Previously, the
equilibrium matrix was block-diagonalised using symmetry group C3m for the hexagonal ring in
its original configuration. At the point of kinematic bifurcation the hexagonal ring has C31

~ymmetry, and hence the block-diagonalised equilibrium matrix H will have the same form shown
in Eqn 21.

As in Section 2.3., both equilibrium blocks H(A I ) and H(A]) are of full rank. H(A I ) contains an
inextensional mechanism, and H(A 2 ) contains a state of self-stress. Now however, the two (6 x 6)
equilibrium blocks H(£)] and H(£)2, are of rank 5. H(£)] contains a state of self-stress and an
ilextensional mechanism which have reflection symmetry in plane a, and H(['12 contains a state of
s·elf-stress and an inextensional mechanism which have reflection anti-symmetry in plane a.

From the symmetry analysis it is clear that the original finite mechanism remains in the submatrix
block H(A I ) and hence is not stabilised by any states of self-stress. Now however, we will try to
identify the remaining three finite mechanisms that exist in the 3-dimensional vector space of
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Table 4
Irreducible representations of sym
metry group C,

C,

PA,)
flA,)

E

I
-I

inextensional mechanisms. Kumar's analysis showed that the remaining three finite mechanisms
have only reflection symmetry in one of the planes a, c or e. We can choose the following two
symmetry operations to constitute the symmetry group C,:

(1) The identity, symmetry operation E.
(2) Reflection in the vertical plane a, symmetry operation (la'

The load vector space Wp and the bar-force vector space Wrare each decomposed into two symmetry
subspaces, defined by the irreducible representations of symmetry group C" shown in Table 4. The
symmetry subspaces W~Al) and WtA,) have reflection symmetry in plane a, while the symmetry
subspaces W~A2) and WtA,) have reflection anti-symmetry in plane a.

Again, it is not necessary to completely reanalyse the structure using symmetry group C", Table
5 shows how the C 31 symmetry subspaces combine to form the C" symmetry subspaces. Using the
load and bar-force vector symmetry-adapted coordinate systems with C, symmetry properties, the
block diagonalised matrix A now has the form shown in Eqn. 22.
The equilibrium block AC4

I) is of rank 8 and hence contains a 2-dimensional vector space of
inextensional mechanisms and a single state of self-stress, all with reflection symmetry in plane a.
The equilibrium block A(A,) is of rank 7 and hence contains a single inextensional mechanism and
a 2-dimensional vector space of self-stress, all with reflection anti-symmetry in plane a.

In contrast with Section 2, symmetry subspace W}A,) contains a single state of self-stress. Thus,
displacing the structure by some finite combination of the two linear mechanisms in symmetry
subspace W~A, ), will cause bar-extensions which have reflection symmetry in plane a. Now however,
there is a potential internal geometric incompatibility associated with this step, indicated by the
existence of a state of self-stress with the same symmetry. The state of self-stress may ensure that

Table 5
Descent of symmetry from symmetry group ell' to
C,

C,

{V(A ,)}
{VA,)}

{V'A;', V'E!'}
{V(A,), V(E)2}
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ii(A,J

(lOx9)

H=

(22)

the only way of correcting these extensions is for the structure to return to its original configuration,
thus showing that the combination chosen may not be a finite path.

A way forward appears to be possible because we have already found one of the finite mech
anisms. The descent of symmetry from C3v to C, clearly shows that the original finite mechanism
shown in Fig. 9(a), is again in the first symmetry subspace V~AI). From Kumar's analysis we
already know the symmetry properties of the three remaining finite mechanisms and hence the
finite mechanism with reflection symmetry in plane a, shown in Fig. 9(b), must also be contained
in V~AI). However, these two finite mechanisms are, in fact, not orthogonal, and so this does not
help us to find the second finite path. In this case, finding the other finite paths requires a non
linear analysis.

The remaining two finite mechanisms with reflection symmetry in planes c and e, shown in Fig.
9(c) and 9(d) respectively, are not contained in either V~Al) or V~A2). To find symmetry subspaces
which contain these finite mechanisms, we must choose the symmetry operations {E, o-.} or {E,
eT,,} to constitute the symmetry group C,. We would then find that the symmetry subspace V~Al)

has reflection symmetry in plane c or e, and hence contain the corresponding finite mechanism.
It should be noted that the C3v and C" symmetry subspaces have combined in this way due to

the particular choice of 2-dimensional irreducible representation reEl, of symmetry group C3,," As
~xplained in Kangwai et al. (1999), 2-dimensional irreducible representations are not unique
(although I-dimensional irreducible representations are). A different choice could have resulted in
,ymmetry subspaces V(E)l and V(E)2 having reflection symmetry and anti-symmetry in plane c or
I~ •

... Comments on the identification of finite mechanisms

Section 2 has shown that, for some special statically and kinematically indeterminate structures,
1he identification of a finite mechanism is possible based only on a linear analysis, along with
~:ymmetry arguments. However, Section 3 has shown that such an analysis cannot always identify
all the finite mechanisms in such a structure. This section will identify the conditions under which
(l finite mechanism can be identified.

The argument put forward in Section 2 for the existence of a finite mechanism is valid when a
mechanism exists in symmetry subspace V~A 1), and no states of self-stress exist in the corresponding
symmetry subspace V}A 1

), i.e., any states of self-stress have 'lesser' symmetry properties. In this
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case, the state of self-stress is always independent of the mechanism and hence can never prevent
its motion. The same argument is equally valid for n mechanisms in symmetry subspace W~A I), as
long as there are no states of self-stress in symmetry subspace WtAJ

). Then these n mechanisms
define an n-dimensional space of possible finite mechanisms.

It should be noted that the symmetry analysis does not have to utilise the full symmetry of the
structure. Instead, the analysis should be carried out using the symmetry of a mechanism. If this
shows that all the states of self-stress in the structure have 'lesser' symmetry, then this mechanism
will be finite. As shown in Sections 2 and 3, this analysis can be based on the descent of symmetry,
and hence a full reanalysis of the structure is not required.

By contrast, Section 3 has shown it is not possible to find all the finite mechanisms using a
symmetry analysis. If a state of self-stress exists in symmetry subspace WtA

I), then for any particular
combination of the inextensional mechanisms in W~A I), it is not possible to say whether the
mechanism would be stiffened by this state of self-stress. In this case, a non-linear analysis is
required to find the finite mechanism.

It should be pointed out that, of course, the current analysis is only completely valid for perfect
structures. Thus, for example, a full analysis of a slightly imperfect ring structure may find it is not
rank deficient, and is theoretically not a mechanism. Despite this, our analysis remains valid. A
simple (inevitably imperfect) model of the ring structure does show the finite mechanism behaviour
predicted, with no noticeable resistance to motion beyond that required to flex hinges. Indeed the
same behaviour has been observed in models of a number of other similar structures analysed by
Kangwai (1997). A small amount of flexibility is all that is required for the structure to escape the
effect of the imperfection.

In conclusion, this paper has shown that, if an analysis is carried out using the symmetry of an
inextensional mechanism, and any states of self-stress in the structure have some 'lesser' symmetry
properties, then this mechanism will be finite.
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